In this paper, an obstruction against the integrability of certain infinitesimal solitonic deformations is given. Using this obstruction, we show that the complex projective spaces of even complex dimension are rigid as Ricci solitons although they have infinitesimal solitonic deformations.
Introduction
A Riemannian manifold (M, g) is called a Ricci soliton if there exist a vector field X ∈ X(M ) and a constant c ∈ R such that the Ricci tensor satisfies the equation
Ricci solitons were first introduced by Hamilton in the eighties [Ham88] . They appear as self-similar solutions of the Ricci flow: Ricci solitons evolve particularly simple under the Ricci flow, namely by diffeomorphisms and rescalings. A soliton is called gradient, if X = gradf for some f ∈ C ∞ (M ). We call (M, g) expanding, if c < 0, steady, if c = 0 and shrinking, if c > 0. If X = 0, we recover the definition of an Einstein metric with Einstein constant c. If X = 0, we call the soliton nontrivial. In the compact case, any soliton is gradient and any expanding or steady soliton is Einstein. For a detailed expository to the theory of Ricci solitons, see e.g. [Cao10, CCG + 07]. In this paper, we study the moduli space of Ricci solitons (the set of Ricci solitons modulo diffeomorphism and rescaling) on compact manifolds. A local description of this moduli space can be given using a modified version of Ebin's slice theorem provided by Podestà and Spiro [PS13] . They construct a slice to the natural action of the diffeomorphism group on the space of metrics with tangent space ker(δ f ). Here, δ f is the divergence weighted with the smooth function f .
Let (M, g) be a Ricci soliton. A tensor h ∈ C ∞ (S 2 M ) is called infinitesimal solitonic deformation, if δ f (h) = 0 (where f is the soliton potential), M trh e −f dV = 0 and h lies in the kernel of the linearization of (1.1). If g is not an isolated point in the moduli space, it admits infinitesimal solitonic deformations. Conversely, given an infinitesimal solitonic deformation h, it is not clear whether it is integrable, i.e. if there exists a curve of Ricci solitons tangent to h. In this paper, we show that for certain deformations, this is not the case. Moreover, we prove that CP 2n with the Fubini-Study metric is an isolated point in the moduli space of Ricci solitons although it has solitonic deformations.
Some obstructions against the existence of infinitesimal solitonic deformations are given in [PS13] . Analoguous questions have been studied in the Einstein case before [Koi78, Koi80, Koi82, Koi83] , see also [Bes08] and the methods used here are quite similar. This paper is organized as follows: In Section 3, we introduce Perelman's shrinker entropy, which provides a variational characterization of shrinking Ricci solitons as its critical points. In Section 4, we introduce various notions of rigidity. We mention a theorem of [PS13] describing the structure of the moduli space of Ricci solitons and generalizing previous results obtained in the Einstein case [Koi83] . We prove a criterion for weak solitonic rigidity of Einstein manifolds:
In Section 5, we discuss integrability of infinitesimal solitonic deformations. If (M, g) is Einstein with constant µ and 2µ is a positive eigenvalue of the Laplacian, we have infinitesimal solitonic deformations which can be formed of the corresponding eigenfunctions. For these deformations, we prove an obstruction against integrability: Theorem 1.2. Let (M, g) be an Einstein manifold with Einstein constant µ > 0. Let v ∈ C ∞ (M ) be such that ∆v = 2µv. Then the infinitesimal solitonic deformation µv · g + ∇ 2 v is not integrable if there exists another function w ∈ C ∞ (M ) with ∆w = 2µw such that
Concrete examples are discussed in Section 6. We use the above theorem to prove Theorem 1.3. The CP 2n with the Fubini-Study metric is isolated in the moduli space of Ricci solitons although it has infinitesimal solitonic deformations.
Notation and conventions
Throughout, any manifold M will be compact and any metric considered on M will be smooth. The dimension of M will be n. For the Riemann curvature tensor, we use the sign convention such that
Given a fixed metric, we equip the bundle of (r, s)-tensor fields (and any subbundle) with the natural pointwise scalar product induced by the metric. By S p M , we denote the bundle of symmetric (0, p)-tensors. Let f ∈ C ∞ (M ). We introduce some differential operators weighted by f . The f -weighted Laplacian (or Bakry-Emery Laplacian) acting on
By the sign convention, ∆ f = (∇ * f )∇, where ∇ * f is the adjoint of δ with respect to the weighted L 2 -scalar product M ., . e −f dV . The weighted divergence δ f :
with respect to the weighted scalar product are given by
where the sums 1 + i, . . . , p + i are taken modulo p. If f is constant, we recover the usual notions of Laplacian and divergence. In this case, we will drop the f in the notation. For ω ∈ Ω 1 (M ), we have δ * f ω = 1 2 L ω g where ω is the sharp of ω and L is the Lie derivative. Thus, δ * f (Ω 1 (M )) is the tangent space of the manifold g · Diff(M ) = {ϕ * g|ϕ ∈ Diff(M )}.
The shrinker entropy
Let g be a Riemannian metric, f ∈ C ∞ (M ), τ > 0 and define
where scal g is the scalar curvature of g. Let
For any fixed τ > 0, the infimum is finite and is realized by a smooth function [CCG + 07, Lemma 6.23 and 6.24]. We define the shrinker entropy as
This functional was first introduced in the pioneering work of Perelman [Per02] . If the smallest eigenvalue of the operator 4∆ g + scal g is positive, ν(g) is finite and realized by some τ g > 0 [CCG + 07, Corollary 6.34]. By construction, ν is scale and diffeomorphism invariant. Its first variation is
. The critical points of ν are precisely the shrinking Ricci solitons. By the above, these are the metrics for which we have the equation
For any Ricci soliton g, there exists a C 2,α -neighbourhood U in the space of metrics on which ν depends analytically on the metric. Moreover, the minimizers f g , τ g are unique on U and depend analytically on the metric [Krö14, Lemma 4.1]. In the particular case of an Einstein metric, f g is constant and
where µ is the Einstein constant.
) be a shrinking Ricci soliton. Then the second variation of ν at g is given by
where (f, τ ) is the minimizing pair realizing ν. The stability operator N is given by
and v h is the unique solution of
Since ν is scale and diffeomorphism invariant, N vanishes on
The moduli space of Ricci solitons
Let M be the set of smooth metrics on M and assume that s ∈ N satisfies s ≥ [ • There exists a small H s -neighbourhood U of g in the set of metrics such that anyg ∈ U is isometric to a unique metricĝ ∈ S s f .
• S s f is a smooth manifold with tangent space
Such a set is called an f -twisted slice. If f ≡ 0, we recover the slice constructed in Ebin's slice theorem [Ebi70, Theorem 7.1].
Now the question, whether all Ricci solitons in a neighbourhood of a given Ricci soliton g are homothetic to g reduces to the question whether g is an isolated point in
Note that we fixed the constant τ g in order to avoid rescalings of metrics. Let
and ν (h) = 0 because ν is constant alongg t . The space V is the L 2 (e −f dV )-orthogonal complement of the space W defined above. This motivates the following definition: Definition 4.2. Let (M, g) be a gradient shrinking Ricci soliton and let N be the stability operator of Proposition 3.1. We call h ∈ C ∞ (S 2 M ) an infinitesimal solitonic deformation if h ∈ V and N (h) = 0. An infinitesimal solitonic deformation is called integrable if there exists a C 1 -curve of Ricci solitons g t through g = g 0 such that
In general, one cannot expect that Sol 
. Now we prove the statement about weak solitonic rigidity stated in the introduction:
Proof
which shows that the spectrum of ∆ fg depends continuously on the metric with respect to the C 2,α -topology. By Sobolev embedding, H s -continuity follows. This implies that 1 τg = 2µ ∈ spec(∆) and the proof is finished by contradiction. 
Non-integrability of solitonic deformations
In this section we use similar arguments as in [Koi82] , where the integrability of infinitesimal Einstein deformations was discussed. Consider the tensor
Obviously, the zero set of the map g → Sol g equals the set of shrinking Ricci solitons. This map is welldefined and analytic in an open C 2,α -neighbourhood of a given Ricci soliton. Suppose now, we have a smooth curve of Ricci solitons g t . From differentiating the equation Sol = 0 along g t twice, we have
Here, D k Sol denotes the k'th Fréchet derivative of the map g → Sol g and g (k) denotes the k'th derivative of the curve g t . More generally, from differentiating k times, we obtain
where C(k, l, k 1 , . . . , k l ) ∈ N are constants only depending on k, l, k 1 , . . . , k l . Let now g be a Ricci soliton and h an infinitesimal solitonic deformation. Suppose that h is integrable. By projecting to the slice and rescaling, we may assume that there is a curve g t in the set Sol s g such that g
(1) 0 = h. By analyticity of the set Sol s g we may also assume g t to be analytic. Then the higher derivatives of the curve nessecarily satisfy (5.1).
Definition 5.1. Let (M, g) be a shrinking Ricci soliton and h =: g (1) ∈ ISD. We call h integrable up to order k, if there exists a sequence of tensors g (2) , . . . , g (k) ∈ C ∞ (S 2 M ) satisfying the recursion formulas (5.1). If h is integrable up to order k for any k ∈ N, h is integrable of infinite order.
Lemma 5.2. A tensor h ∈ ISD is integrable in the sense of Definition 4.2 if and only if it is integrable of infinite order.
Proof. If h is integrable, it is obviously integrable of infinite order. Conversely, suppose we haveg 
of the equation Sol = 0 implies the existence of a real solution g t of Sol = 0
Lemma 5.3. Let (M, g) be a shrinking Ricci soliton. If all h ∈ ISD are integrable only up to some finite order, then g is rigid.
Proof. If g was not isolated, the analyticity of Sol 
In the above line and in the next lemma, the orthogonal complement is taken with respect to L 2 (e −fg dV ).
Lemma 5.4. Let (M, g) be a Ricci soliton and h ∈ ISD. Then h is integrable up to second order if and
and let a t ϕ * t g be a curve of homothetic metrics such that a 0 = 1, ϕ 0 = id M and d dt | t=0 a t ϕ * t g =h. Consider the two-parameter-family of metrics given by g(s, t) = a t ϕ * t (g + sh). By the first variation of ν,
By scale and diffeomorphism invariance, ν(g(s, t)) only depends on s. Thus, by differentiating the above twice and using DSol(h) = 0, we have
which proves the claim. We argued above that h is integrable up to second order if and only if D 2 Sol(h, h) is orthogonal to ker(DSol) but we have the orthogonal decomposition
and so the statement of the lemma follows from the claim.
Now we consider an Einstein manifold g with constant µ > 0 and suppose that 2µ ∈ spec(∆). For the rest of the section, we focus on infinitesimal solitonic deformations contained in
By diffeomorphism invariance, we only have to deal with the conformal part of these deformations which makes the calculations easier.
Lemma 5.5. Let (M, g) be an Einstein manifold g with constant µ > 0 and let v ∈ C ∞ (M ) so that ∆v = 2µv. Then,
where u is a solution of the equation
Proof. 
where the primes denote Fréchet derivatives in the direction of v · g. The function u := f satisfies the equation in the statement of the lemma and f = ( n 2 − 1)v. Lemma 5.6. Let (M, g) be an Einstein manifold g with constant µ > 0 and let v ∈ C ∞ (M ) so that ∆v = 2µv. Then,
Proof. We have τ g = 
Now the result follows from the previous lemma.
We will show that for any such v, there exists a function w in the same eigenspace such that M v 2 w dV = 0. Then Theorem 5.7 yields the result.
Let us briefly recall the construction of eigenfunctions on CP 2n as in [BGM71, Chapter III C.III.]. Consider C 2n+1 with the complex coordinates {z 1 , . . . z 2n+1 ,z 1 , . . . ,z 2n+1 } and polynomials of the form
where a ij is a hermitean matrix with tr(A) = 0. Let us denote the space of these functions by H.
Functions in H are harmonic and S 1 -invariant. By restricting them to the unit sphere and dividing out the S 1 -action, one obtains the eigenfunctions of the Laplacian on CP 2n to the eigenvalue 2µ. Fix f ∈ H and consider the linear map ϕ f : H → R, given by
Without loss of generality, we may assume that f is of the form f (z,z) =
We first evaluate ϕ f on functions of the form g kl (z,z) = z kzl . We have
If k = l, the above integral vanishes, because the integrand is antisymmetric with respect to the isometry
is a sum of three different types of integrals which are of the form
where i = j = k in these definitions. We obtain, using
Suppose now that ϕ f ≡ 0 on H. By the above, this implies that the matrix ϕ f (g kl ) = Λδ kl for some Λ ∈ R. By the Lemma below, I 1 − 3I 2 + 2I 3 = 0 and thus, all λ Thus, for any f ∈ H, f = 0, there exists a function g ∈ H such that S 2n+1 f 2 g dV = 0, so f 2 g has a nonvanishing constant part. This part also remains when descending to CP 2n , so we have
2g dV = 0, wheref ,g are the functions on CP 2n corresponding to f, g via the S 1 -action. This finishes the proof.
Remark 6.2. Together with Lemma 5.3, the above result implies Theorem 1.3.
Lemma 6.3. Let I 1 , I 2 , I 3 be as in the proof above. Then we have I 1 = 3I 2 and I 2 = 2I 3 .
Proof. Recall that z i = x i + iy i andz i = x i − iy i . We introduce the quantities
where i = j = k. It is straightforward to check
so it remains to compare the J i . Because J 1 is invariant under the transformation
Observe that integrals over odd powers of x i vanish due to antisymmetry with respect to the antipodal map. We obtain J 1 = 5J 2 . The same trick applied to J 2 yields J 2 = 3J 3 . The statement follows immediately.
Remark 6.4. The proof of the above theorem shows the following: The CP 2n+1 have a zero set of infinitesimal solitonic deformations (in the space of all ISD's) which are integrable up to second order. For these deformations, D
2 Sol(h, h) is orthogonal to all conformal deformations of the form w·g, w ∈ E(2µ) and the proof of Lemma 5.7 implies that D 2 (h, h) is orthogonal to all ISD's. The statement then follows from Lemma 5.7. However, it is not clear whether these deformations are integrable up to higher order. It seems likely that also CP 2n+1 is rigid.
Example 6.5. Consider S 2 × S 2 with the product of round metrics and let µ be the Einstein constant of the metric. Then, 2µ is in the spectrum of the product metric and there are no infinitesimal Einstein deformations. The space of infinitesimal solitonic deformations is therefore again equal to µv · g + ∇ 2 v|v ∈ C ∞ (M ), ∆v = 2µv .
Moreover, 2µ is the smallest eigenvalue of Laplacian on the product metric and its eigenspace is E(2µ) = pr * 1 v + pr * 2 w|v, w ∈ C ∞ (S 2 ), ∆v = 2µv, ∆w = 2µw .
The eigenfunctions on the factors are restrictions of linear functions on R 3 (e.g. [BGM71, Chapter III C.I.]) and thus, they are antisymmetric with respect to the antipodal map σ ∈ Iso(S 2 , g st ). Therefore, (σ × σ) * v = −v for any v ∈ E(2µ) and so, S 2 ×S 2 v 2 w dV = 0 for any v, w ∈ E(2µ). The same argumentation as in the remark above implies that all infinitesimal solitonic deformations on S 2 × S 2 are integrable up to second order. It is again not clear whether they are integrable of higher order.
Remark 6.6. In [Koi82] , Koiso showed that the product Einstein metric on S 2 × CP 2n is rigid as an Einstein metric although it has infinitesimal Einstein deformations. In fact, the infinitesimal Einstein deformations are linear combinations of the form αv · g 1 + βv · g 2 + γ∇ 2 v where α, β, γ ∈ R, v = pr * 2 w and w ∈ E(2µ) and they are not integrable of second order.
It is not clear if S 2 × CP 2n is rigid as a soliton. The eigenfunctions to the first nonzero eigenvalue on the first factor form infinitesimal solitonic deformations which are integrable up to second order.
